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1. Let K be a field and V be a finite dimensional vector space over K.
Let L be the K-algebra of all linear operators from V into V.

(a) For any subspace Wof V, let IW = {T ∈ L : ker(T ) ⊇ W}. Show
that IW is a left ideal of L.

(b) If T1, T2 ∈ L with ker(T1) ⊆ ker(T2) then show that there is an
S ∈ L such that T2 = ST1.

(c) For any two subspaces W1, W2 of V, show that there are T1, T2 ∈
L such that ker(T1) = W1, ker(T2) = W2, ker(T1 + T2) = W1 ∩
W2.

(d) Let I be any left ideal of L. Pick a basis {T1, . . . , Tk} of I and

put W =
k⋂

i=1
ker(Ti). Then use parts (b) and (c) to show that

I = IW .

(e) Let B(V ) be the set of all subspace of V, partially ordered by ⊆.
Let g(V) be the set of all left ideals of L, partially ordered by ⊆.
Show that W 7→ IW is an order reversing bijection between these
two partially ordered sets.

(f) Find all minimal left ideals of L and describe all possible decom-
positions of L as direct sums of minimal left ideals of L.

[5+10+10+10+5+5 = 45]

2. Let G be a finite group and K an algebraically closed field such that
char(K) does not divide the order of G.

(a) State and prove Schur’s Lemma for K-representations of G.

(b) Deduce from Schur’s Lemma that if G is abelian then all the
irreducible K-representations of G are of degree one.

(c) Explicitly describe all the irreducible K representations of G =
Zn, the cyclic group of order n. [5+5+5 = 15]
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3. (a) With the hypothesis as in Question no. (2), lt π be aK-representation
over a vector space V and put V G = {v ∈ V : π(g)v = v ∀ g ∈
G} and P = 1

#G

∑
g∈G

π(g). Show that P 2 = P and ran(P ) = V G.

Conclude that if χ is the character of π then 1
#G

∑
g∈G

χ(g) =

dim V G.

(b) Now let π be a transitive permutation representation of G. De-
duce from part (a) that if char(K) = 0 then the average number
of symbols fixed by elements of G is = 1. [10+5=15]

4. (a) With the hypotheses as in Question No. (2), show that char(K)
does not divide the degree of any irreducible representation of G
over K.

(b) If, further, char(K) = 0 then show that the degree of each irre-
ducible K-representation of G divides the order of G. [10+15=25]

2


